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STEP1
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STEP 3

STEP 4

The Mathematical Modelling Process

|dentify the problem.

Detail the attributes of the system (variables and parameters).
Consider available data (if any).

Decide on modelling approach
(discrete vs. continuous,
temporal and/or spatial)

Write down a model.«- - - _ _ _
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Solve it (computationally or analytically) - - _ :\\
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Test model outcomes with data or known practice. |
:
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Revise and improve the model -
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Lipoprotein Metabolism

 Consider the uptake of LDL and VLDL particles by a single hepatocyte cell.
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Jackson, K., Maitin, V., Leake, D., Yagoob, P. and Williams, C. (2006). Saturated fat induced changes
In S; 60-400 particle composition reduces uptake of LDL by HepG2. J. Lipid Res.47:393-403.



Hypothesis Testing

» Two hypothesis regarding LDL uptake

Hypothesis 1 —VLDL particles reduce LDL uptake by blocking access to
hepatocyte surface receptors. Particles either bind to the surface and are not

internalised or are simply present in the pit.

Hypothesis 2 —VLDL particles enter the pit, bind to receptors via apoE and
are internalised by the cell.

Which of these is correct?



The Model
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- LDL (extracellular, bound and intracellular).

- VLDL-2 (extracellular, bound and intracellular).
-VLDL-3 (extracellular, bound and intracellular).
- Free, bound and internalised receptors.

- Cholesterol concentration.



The Model
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The Model
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1(0) =1y, 15(0)=0, 1,(0)=0.



Experimental Data

Parameter Description Value
P Mumn ber of pits per oell. 180
Numm ber of recepiors per o=ll 35000
Muom ber of receptors per pit (only 7 m pits) 180
Radng of an LDL particle. 10nm
Radne of a VLDL partide. 1540 mm
Typical radius of a pat. 10K rom
M Muom ber of reoeptors ooversd by a bowund LDL 1
N Muom ber of receptors covered by a bound VILDL-2. 2
aQ Muom ber of recepiors cowvered by a bound VILDL-3. 18
MENT Masamum nimnher of add ftional free receptors miemalised. MM Q
.73 Rate of LDL binding i free recepiors. B6E < 107" ml frmlecules 5
3,0y Rate of VLOL-Z, VIDL-3 hinding to free recepiors. 1400y, 240
e Rate of LDL imternalisation 27« st
Bz By Rate of VILDL-2 and VLDL-3 imternalis ation. 1
[ Kate of imbound receptor imternalis ation. a
g Rate of LDL unbinding from receptors. B0 195!
[ Kate of VLOL-2, VIDL-3 umbinding from recepos 5y, 0 330
T Rate of comversion of mtemalised LOL to cholesteral. ~1/30035
T Fa Rate of recepior recycling from bound VLDL T
e Rate of recepior recycling. Qg 5!
Fraction of recepiors regpcled. as
Comstant for receptor production. 2y
Rate of free recepior prod uction by cell 18w iﬂ"rn-ulnu.lu_,lrnls
Hate of breakd own of chol esteral FEDR il e
Average cholestesl] content per LDL particle. 2400
Average cholesteml content per VILOL-2 partice. S L]
Average cholestem] content per VILOL-3 partide. 00
Imitial enncentration of fres receptors. 25 w 10 fioell

= ggra—; p}ﬁﬁ"’i oo

bz by

Maoamum cholesterol conent of a hepatoryte.
Imitial concentration of fres receptors.

Imitial concentration of LDL particles {mass frol)l
Imitial concentration of LDL particles (no ol
Typical concentration of VDL pantides {massfwal )
Imitial concentration of VLDL particles (nofroll

Volume ratio of cell cul e mesdium to cell wolime.
Hypothesis: ff b= 2 VDL is internalised.
ifh=1, VLOL blodes and i not imternalised.

265 = 10" meal ecules;/mil

217 = 10" receqtors fmil

10 pgy/mi

117 10" partides /mil

2% 10 and 20z fml

295 «10'%,1.17 = 10" and
235 = 10" partides /mil medium
150w 10%
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Model and Experimental Comparisons
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Relative Cholesterol uptake
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Rhodobactesphaeroides
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Rhodobactesphaeroides- Phosphotransfer pathways

Ay Agp

App + Y3+ Ay+ ¥y
App+ Yy A+ Yyp
App + Yg— Ay+ Yep
Axp + By «— Ay + Byp
Axp + By «— Ay + Byp

Are the cytoplasmic and polar
receptor clusters connected?

Az " Agp
Azp+ Yo Ag+ Ygp

Ap +By— A +Byp



R.sphaeroide$ Experimental Data

Phosphotransfer from CheA1-P to CheY 1
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Phosphotransfer from CheA1-P to CheY 2
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R.sphaeroide$ Model parameterisation
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CheA: + ATP & CheA. - ATP — CheA.p + ADP
ko

CheA;p + CheY; #i_; CheA; 4+ CheY;p

k
CheY,p 4+ HoO 2 CheY; + Phosphate

Applying the law-of-mass action

dA o o
S8 = O = kyAp(Yr — Yp) + k_a(Ar — Ap — C)Yp
ds
2 = Lk (Ar—Ap—CO)S+k_C
dt
dC' o L
dvp . .
= kAp(Yr —Yp) —koa(Ar — Ap — C)Yp — kaYp

with the initial conditions

Ap = Apg, S = Sy, C'=CY and Y =Y,




R.sphaeroide$ Model parameterisation

Model Reduction |

dA k(A — Ap)S i i
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with the mitial conditions

Ap = Apy, S=5y and Yp=Ypp.

and

(Ar — Ap)S
T TSt K

where K = (k_ + k) /ky



R.sphaeroide$ Model parameterisation

Model Reduction Il

d‘q ks r Ea
S = WM(Ar - Ap) = ks Ap(Yr = Yp) + k_a(Ag — Ap)(1 = M)Yp,
dYp ) . . i

T = koAp(Yp —Yp) —k_o(Ap — Ap)(1 — M)Yp — k3Yp,

where M = S/(S 4+ K) is a constant with

Ap=Apy and Yp=Ypy, at t=0.



R.sphaeroide$ Model parameterisation

Numerical optimisation (parameter fitting)

AApply and compare a range of numerical optimisation methods for obtaining
model parameters from experimental data.

AAllows us to compare various fits to the data to obtain the most robust set of
parameters (as well as the method fits).
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R.sphaeroide$ Model parameterisation

Asymptotic approximations to Reduced Model 11

AConsider various limits.
ARapid phosphotransfer (Ii2 ~O(l/ e)
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R.sphaeroide$ Model parameterisation

ARapid phosphotransfer and dephosphorylation (k,.k, ~ O/ €))
Alnner O(1) asymptotic expansion for CheAr and CheYe
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R. sphaeroides The importance of the cytoplasmic cluster
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R.sphaeroides- Phosphorelay pathway
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R.sphaeroides- Experimental Results

Time (s) | A3-P | B2-P | A2-P
0 21.21 0 0

15 | 2058 | 0.97 | 0.03

30 | 2155 | 0.92 | 0.03

60 | 20.55 | 0.92 | 0.05

120 | 19.70 | 0.94 | 0.07

240 | 1929 | 1.00 | 0.11
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